Mathematics 101 Quiz 3 Review Package

UBC Engineering Undergraduate Society

Attempt questions to the best of your ability. This review package consists of 14 pages, including 1 cover
page and 20 questions. The questions are meant to be the level of a real examination or slightly above,
in order to prepare you for the real exam. Material from lectures and from the relevant textbook sections
is examinable, and the problems for this package were chosen with that in mind, as well as considerations
based on past examination question difficulty and style. Problems are ranked in difficulty as (%) for easy,
(%) for medium, and (x % *) for difficult. Note that sometimes difficulty can be subjective, so do not be
discouraged if you are stuck on a (x) problem.

Solutions posted at: http://ubcengineers.ca/services/academic/tutoring/

If you believe that there is an error in these solutions, or have any questions, comments, or suggestions
regarding EUS Tutoring sessions, please e-mail us at: tutoring@ubcengineers.ca. If you are interested in
helping with EUS tutoring sessions in the future or other academic events run by the EUS, please e-mail
vpacademic@ubcengineers.cal

Some of the problems in this package were not created by the EUS. Those problems originated from one
of the following sources:

Schuam’s Outline of Calculus 2 ed; Ayres Jr., Frank

Calculus — Early Transcendentals 7 ed; Stewart, James

Calculus — 3 ed; Spivak, Michael

Calculus Volume 1 2 ed; Apostol, Tom

All solutions prepared by the EUS.

Good Luck!


http://ubcengineers.ca/services/academic/tutoring/
mailto:tutoring@ubcengineers.ca
mailto:vpcademic@ubcengineers.ca
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Integrals You Should Definitely Memorize

/ x"dx

1
/ —dx

T
/ e"dx
/ sin xdx
/ cos xdx
/ sec? zdx

/ sec x tan xdx

1
—d
/1+z2 v

Integrals You Might Want to Memorize But Are Less Important

/secxdx
/cscxdx
/log:cdac

1
—d
/\/l—x2 v
—dx
V1—2z?

mn-&-l

= -1
T n #

log |z|
el‘
—cosx
sin
tanx

secx

arctan

log | tanx + sec z|
—log | cscx + cot x|
xloger —x

arcsin x

arccos xr
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1. Evaluate the integral

=

Solution: Let u =1+ /z, and 2du = ﬁdz. Then the integral becomes

/vl\;—g\/idx:2/\/ﬂdu

This integral is easily evaluated
4 .
2/\/ﬂdu = §u5/2 +C

Now changing to the original variables,

/de = %(1+\/§)3/2 +C

2. Evaluate the integral.
/ sin® z cos? zdx

Solution: Let cosxz = u, du = —sinxdx

/sin3x0052 rzdx = —/(1—u2)u2du

= /u4 —u?du

5 3
U U
= ———+4C
5 3
cos®x  cos®zx
= - +C
5 3
5 3
/Sin3$COS2 zrdx = COZ v COSS :c +C

3. Evaluate the integral.
/ tan? z sec* zdx
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Solution: Let u = tanx, du = sec? zdx

/u4(u2 +1du = /u6+u4du

wuwb

= —+—+C
7 + 5 +
tan’ x tan® x
= C
7 + 5 +

tan” x tan® x
/tan4xsec4xda: =— + 5 +C

(¥) 4. Evaluate the integral.

/ dx
22+ T2 +6

Solution:
/ dx B / dx
J 24+Tr+6 (x+6)(z+1)

1/ 1 1
= - - dz
5 r+1 x+6

1 1
T+ ‘—&-C’

= =1
5 08 T+ 6

(xx) 5. Evaluate the integral.

/ sin? xdz




(+)
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Solution:

/sin4 xdx = /sin2 z(1 — cos® x)dx

= / sin? z — sin? 2 cos® zdz

= /sin2 zdr — /sin2 x cos? zdx
1 — cos2x du — sin? 2z e
2 4

1 sin 2z / 1 — cos4x
— | ——dx

T2ty 8

1 sin2x 1 sin 4x
= 3¢~ ~ 5% + 5 +C
B 3£ _ sin2x  sindx c
-3 1 Tt

/Sin4xd$ _ 3z sin2x n sin 4z L C

8 4 32

6. Evaluate the integral.

/x(cosB(x2) — sin®(2?))dx

/J;(cos3(a:2) — sin®(2?))dx

Solution: Let 22 = u, du = 2xdz. Then

2

1 1
3 / cos® udu — 2 / sin® udu

1 f 1
B /(1 — sin® u) cos udu — B /(1 — cos? ) sin udu

1 .
= [ cos®u — sin® udu

1 oy 1 [ . 5 .

5 cosu — sin“ u cos udu — 5 sin u — cos® u sin udu
1. .3

fsmu—ésm u—i-fcosu—gcos

2
1 .
) (6(sinu + cosu) — 2(sin® u + cos® u))

3

[\

2

1
5 (6(sinu + cosu) — 2(sinu + cosu)(sin® u + cos® u — sinu cos u))

sinu + cosu
12

1. .
E(sm(;ﬁ) + cos(z?))(4 + sin(22?)) + C

(6 —(2—sin2u)) +C
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Thus the final answer is

/w(cos3(x2) - sin3(x2))dx - 1

(sin(2?) + cos(x?))(4 + sin(22%)) + C

12

7. Evaluate the integral.

and dx = 3sec? zdz.

The final answer is then

3sec? zdz

/ (9 + 9tan? 2)2

1 / 1
- sec? z
= — / cos® zdz

= 1+ cos2zdz

sin 2z
2

arctan

I
_|_

+ sin z cos z)

) + sin z cos z)

tan
a3
X

i c
3)+ 2+9)+

)
=
Q

(5
€

Bl gI=gl= gl g~
v R R N

o
=
Q
-+
&
=
/N

1 T T
Zarctan (L) 4+ —— 4O
54 ¢ an(s) T

Solution: We recognize this as the form of a trigonometric substitution integral, so let x = 3tan z,

8. Evaluate the integral.

/ z+1 d
3 4+ 22 — 62 v

Solution:

/ z+1 d
———dx
23 + 22 — 62

r+1
————dx
1+3 x—?)

i

/- =
x
¢—2) 15(z + 3)
2
= —glog|x|+1—olog|x—2|—1—510g|x+3|+0




Mathematics 101 Quiz 3 Review Package Page 7 of 14

(x%) 9. Evaluate the integral
/ v 1 — zidz

Solution: Let 22 = sin6, and 2zdx = cos#df. Then the integral becomes

/x\/l—x4dx = %/\/l—sin290080d9

1
= 3 / cos® 0db

/1+c:20529d9

1

2

6 sin260
- C
1 +

o

8
sin @ cos 0

4+ 1 +C

Now plugging back in the original variables we have

(2 2
/xmdm:amsm(x)+x\/1—x4+c

4 4

(%) 10. Evaluate the integral.

T
26

16 — 92:2)3/2
/(6 9z2) i

4
3

4
3

/ (16 — 922)3/2 J 64 cos® 0 4
WO ) 2

Solution: Let x = = sinf, so dr = % cos#df. Thus the integral becomes

= —_ 5 9d9

x6 3—2 sin® 6 3 o8
35

= o cot? 0 csc? 0db

Now we make a second substitution. Let cot = u, so du = —csc? df. Then we have the greatly
simplified integral
5 35

3
o cot* B esc? 0do 5

I

|

|
<

IS
U
<

5

3°1 (V16 — 922

— | +C
1 (16 — 9z2)5/2

= s = ¢
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This leaves us with the final answer

dr=-————2"__4¢C

/ (16 — 922)3/2 1 (16 — 922)5/2
20 80 xd

(%) 11. Evaluate the integral

/ (e® —2)(e2* + 1)d:1:

Solution: Let e* = u. Then du = e*dx. The integral is then transformed to

e* du
/(e“f—2)(62w+1)dm:/(u—2)(u2+1)

We apply a partial fraction decomposition to this. Just looking at the integrand,

1 _ 1 x 2
(u—2)(u2+1) BHx—-2) 5@2+1) 5@2+1)

Now integrating term by term, we have

du 2
5 1 -2 ——l 1) — = arct C
/(u—2)(u2+1) 5 og |u | 10 og(u® +1) 5arc anu +

Now transforming back to the original variable x,

¢ 2x 2
/( 2)(e2m+1)d log|e —2|——log( +1)—garctane +C

(%) 12. Determine how large n must be in order to guarantee that the trapezoidal estimate for the integral
K(b—a)?

/ 12 ida: differs from its true value by no more than 0.0005, where the error is given by Fp = EETT R
n

K> [f"(z)], x € [a,0].

Solution: We require the error to satisfy

K(b—a)?®

5z~ < 0.0005=5-107"

Er =
We know that the second derivative is given by f”(z) = %, the maximum of which on [1,2] is
K = 2. Thus the error term becomes

2

E
T~ 1op2 =

<5-1074

Now solving this inequality for n. Just rearranging

1>3-103n2
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and isolating n,

n? > %103 ~ 3.33-10°
Now approximately evaluating the square root of both sides we obtain
n > m ~ 20
Thus
n > 20

1
(xx) 13. Approximate the area under f(z) = poa for x € [0,1/2] by
x
(a) Using the trapezoidal rule, n =5
(b) Using Simpson’s rule, n = 4

You may leave your answers in calculator-ready form.

Solution:
(a)
3 e () e (3) () () 1 (5)
- ?<1+1.201+1.204+1.209+1.216+1.125) = 0.4631
(b)

&
I

3 (10 (3) (3 0 3) ()

0.125 256 32 256 4
T+ 222 22 D) — 04
3 <+65+17+73+5) 04637

(#+) 14. A function f is given by f(x) = / v 1+ sintdt. Use Simpson’s rule with 6 subintervals to approximate
1

f(3).You may leave your answer in calculator-ready form.

Solution:

flz) = /j V1 +sintdt
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£(3) /13 V1 + sin tdt

Se

— % (f(l) +2f (g) +4f (2) +2f (g) +4f (;) +2f (2) +f(3)>
— 1:/)’3(m+4\/1+sm<§)+2\/1+sm<g>
+ 4\/1+Sin(g)+2\/l+sin(;>+4\/1+sin <§>+ 1+Sin(3)>

= 2.6498

Q

(%) 15. Evaluate the integral. The attached table may be useful.

/2 cos @

—df
0 V1 +sin%6

Solution: Let sinf = u, and du = cos 6df. Then we have the integral

! du

/”/2 cos d0 —
0 V1+sin?6 o V1+4u?

Let u = tan ¢, du = sec? odp. Then the integral is now

L du /4
/0 7\/14-7112 = /0 sec pdp
By problem we have
/07T/4 sec pdp = (log | sec ¢ + tan <p|)|g/4

This evaluates to

w/2 0
/ — 7 9 = log(1 + V?2)
0 1+ sin?6

(xx) 16. Evaluate the integral

S |
—d
/01+€/:EI

Solution: Let x = u3. Then dx = 3u?du, and the integral becomes

1 1 2
1
/ - dx:/ su du
0 1+\/E 0 1+U
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Just looking at the integrand, it can be expanded by partial fractions to obtain

3u? 1
Yo (w14 ——
1+ u u+1

Now plugging this back into the integral,

L | ! 1
————dr =3 u—1+——|du
/0 1+ Yz /0 ( u+1>

1 2 1
1
/0 T dx 3<u2 —u+log|u+1>

% p—
1
1 3
de = 3log2 — 2
/01+\3/E“T R

This is easily evaluated as

0

Finally we have

(* % %) 17. Evaluate the integral.
/ 2 — 3 e
x? 4 6z + 13

Solution: We will split this integral up so that part of it can be evaluated as a logarithm:

/ 2¢ — 3 G — /2x+6—9 e
2 + 62 + 13 a 2 4+ 6x + 13
_ / 22+ 6 m_/ 9 e
B 2 + 6z + 13 22 +6x+9+4
1
= 1 246x+13|-9 | ———d
g [* + 6z + 13| /(x+3)2+4 v

To evaluate the second integral,

1
—d
9/(x+3)2—|—4 v

we need to make the substitution z + 3 = 2tan z, and dx = 2sec? zdz. Thus

1 9 9z 9 x+3
0 ——o—de=1> [1dz="2 = = arctan [ 2~
/(m+3)2+4x 2/ T 2””“( 2 )

The final answer is then

2z -3 2 9 z+3
/md@"—log’x + 6x + 13 —iarctan ()+C

(x % %) 18. Evaluate the integral without referring to the attached table.

/ sec xdx
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Solution: We first manipulate the integrand to make it possible to use partial fractions.

/ sec 6df / L do
cos 6
cosf
= ———df
/ cos? 0
5 6
= / 7o
1 —sin“ 0
Let sinf = u, and du = cos #df. This transforms the integral in to
cosf du
——df = —
/1—sin20 /1—u2

RNV N
T 9 1xe 1™

_ 11 1+u 1 1+sin9
T OB T | T 2 %1 —sime
1 1+sinf /1+sin6

= _Zlog
2 1—sinf \1+sinf
1 (1—1—511(19)2
= -1
9 %8 " cos?0
‘1+sin€)
= log|———
cos

= log|secd + tan |

Thus
/sec 0dO = log |sec § + tan 6|

(* % %) 19. Evaluate the integral. The attached table may be useful.

dzr
/ V9 + 422

Solution: To evaluate this integral we recognize it as the form of a trigonometric substitution. Let
T = %tan z, and dx = %sec2 zdz. Note that we will have to evaluate the integral of csc along the
way for this problem. You may use the attached table, but we will show the steps to evaluate the

csc integral regardless.

sec? z 1 sec z
dz = = dz
tan zv'9 + 9tan? z 3 /) tanz
1 1
= = / ——dz
3 sin z

1 i 1 i
_ 7/ SIHZZ ds — 7/ sin z &
3./ sin“z 3] 1—cos?z
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Now we have to set this up for a partial fraction decomposition: Let cos z = u, and du = — sin zdz
1 1 1 1 1
— | ——du = —= d
3/1—112u 6/1+u+1—uu
—11 14+u
= —lo
6 & 1—u
_ 11 1—u
6 o8 14+u
11 1 —cosz
— llog | 2*F
6 & 1+ cosz
1 1—cosz (1—cosz
= —log
6 1+4+cosz \1—cosz
1 (1 — cos z)?
— Zlog |\ TPE)
6 & sin? z
1 1—cosz
= Zlog|——
3 sin z
1
= glog|csczfcotz|+0
1 V9 + 422 -3
= —log voth -9 +C
3 x
Thus our final answer is
dx 1 V9 + 422 -3
———=log|———— |+ C
V9 +4z2 3 x

(* % %) 20. Evaluate the integral. The attached table may be useful.

[ o
—dx
2 — 16

Solution: Let x = 4secf, so dr = 4secftanfdf. Then the integral is transformed to

x? 3
/7mdw= 16/sec 0do

Need to evaluate integral of sec® z:

/sec?’ 0do = /Sec 6 sec? db
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We will integrate this by parts: Let secf = u, so sec?d = v’ and v’ = secftanf, v = tan.

/Sec fsec’0d) = secHtanh — /tan2 0 sec 0do

secftanf — /(86(32 0 — 1) sec0df

= secftanf — /se03 0do + /sec 0do

Now we move the integral of sec? to the other side.

2/8603 0do = sec@tanG—i—/sec 0do

= secOtanf + log |secd + tan 6|

Now dividing through by 2,
1
/sec3 6do = 3 (sectan 6 + log [secf + tan§]) + C
Finally, multiplying by 16 to make it just like the original integral from the beginning of the solution,

16/sec39d9 = 8secftanf + 8log|secl + tan b|

1
= ix\/x2—16—|—810g’a:+ \/3:2—16‘ +C

2 1 s




