Mathematics 101 Midterm Review Package - Solutions

UBC Engineering Undergraduate Society

Problems are ranked in difficulty as (x) for easy, (x*) for medium, and (x x ) for difficult. Note that
sometimes difficulty can be subjective, so do not be discouraged if you are stuck on a (*) problem.

Solutions posted at: http://ubcengineers.ca/tutoring/

If you believe that there is an error in these solutions, or have any questions, comments, or suggestions
regarding EUS Tutoring sessions, please e-mail us at: tutoring@ubcengineers.ca. If you are interested in
helping with EUS tutoring sessions in the future or other academic events run by the EUS, please e-mail
vpacademic@ubcengineers.cal

The first 7 problems are review of high school material and are highly optional. They cover the basics of
the different functions covered in high school.

Some of the problems in this package were not created by the EUS. Those problems originated from one
of the following sources:

e Schuam’s Outline of Calculus 2 ed; Ayres Jr., Frank
e Calculus — Early Transcendentals 7 ed; Stewart, James
e Calculus — 3 ed; Spivak, Michael

e Calculus Volume 1 2 ed; Apostol, Tom

Want a warm up? Short on study time? Want a challenge?
These are the easier problems | These cover most of the material | These are some tougher questions
] 1,2,4,5,7, 12, 26 ‘ ] 2, 6,9, 10, 11, 14, 21, 24, 29 \ ] 17, 18, 22, 25, 28, 29, 30 \

EUS Health and Wellness Study Tips

e Eat Healthy—Your body needs fuel to get through all of your long hours studying. You should eat
a variety of food (not just a variety of ramen) and get all of your food groups in.

e Take Breaks—Your brain needs a chance to rest: take a fifteen minute study break every couple of
hours. Staring at the same physics problem until your eyes go numb wont help you understand the
material.

e Sleep—We have all been told we need 8 hours of sleep a night, university should not change this. Get
to know how much sleep you need and set up a regular sleep schedule.

E\US


http://ubcengineers.ca/tutoring/
mailto:tutoring@ubcengineers.ca
mailto:vpcademic@ubcengineers.ca
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1. Compute the value of the integral in terms of a.

/ Va2 — x2dx
0

Solution:
Y

a

We consider the area of the quarter circle of radius a.

a 2
Ta
/ Va2 —x2de = —
0

2. Suppose that

/_02 f(z)dz =5, /03 f(z)dx = -7, /1_29(x)dx — 3, /13 o(z) = 1

Find the value of

3
/ (f(2) - 2g()) de

-2

Solution: By the following three properties of integrals:

/(;bf(x)der/:f(m)dx - /:f(x)dx
/abf(“”")d“ /abéf(w)dx - Lb(f($)+g(x))dx
[ s = [ s
The integral [, (f(z) — 2g(2)) dz can be rewritten as follows:

(5-7)—2(—
= —10

/Sz(f(x)Qg(x))dx - (/ F(z da:+/f dx>2< /2 (:r)dx+/13g(9:)d;z:>
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(¥) 3. Compute the value of the integral.

/le(l—\/E)zdz

Solution:

/01 (1 —x)%de = 1 (1 — 2y + x)dx

|
1

= / x—22%/% + 2%dx
0

1

2 4x5/2 x3>
= _ = _i'_i
2 5 3|,
_ 1
30
1 ) 1
1 - vz)2de = —
| et =vapa =

(x) 4. Approximate the area under the graph of the function y = 22 on the interval (1,6) with 5 subdivisions
using
(a) Right endpoints
(b) Left endpoints

Solution:

(a) Right Endpoints:

Y fl@)dz = (1)(f(2)+ fB)+ f(4) + f(5) + [(6))

= 4+9+16+ 25+ 36
= 90

(b) Left Endpoints:

Z flende = () FQ)+FR2)+ )+ f(4)+f(5))

1+44+9+16+25
55
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(¥) 5. Evaluate the integral by using a limit of Riemann sums.
4
/ —52% + Tx — 2dx
0

The following summation formulas may be useful.

n n

. n(n+1) 5 n(2n+1)(n+1) N _(nn+1) 2
2= A 6 ’ Z’?’—(2>

i=1

Solution: We know that the value of the increment, Az, is the length of the interval divided into
n parts, so

Ar = —

n
This means we can write the z—coordinate of the ith point in the partition as

4
_TL

z;
Then evaluating the function f(z) = —5x? + 7x — 2 at the ith point in the partition, we obtain

=5 (2) wr (1)

—80i2 28
= 5 + — — 2
n

n

Now applying the definition of the integral via Riemann sums:
4 n
/ —5a? + T —2dz = lim »_ f(z;)Ax

4 SN/ —80i2 286
= lim — = _9
1m o ; ( + )

T—00 n2 n

480N, 2. &
= wlif%on<ﬁ;“n;";2>
4

<—80 n(2n+1)(n+1) N 28 n(n+1) —Qn)

n? 6 n 2

(#%) 6. Consider the following Riemann sum:

n . b
m 3 sin? (34 7)) T
nh_)rr;o 2 sin <3+ n) - —/a f(z)dx

Express this as a definite integral in two different ways. That is, provide two different sets of a, b, f(z)
such that the equality holds true.
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Solution: From the properties of integrals that shifting both the interval and the function the same
amount in opposite directions will result in the same exact calculated area, shown by the formula
below:

b b—c
/ flx)dx = flx+c)dx

First, the obvious integral from the standard approach will be:
1. Interval of integration is 7 seen from Az = 7.
2. f(z;) = sin®(3 + &) which shows that the interval begins at 3 at the partition where i = 0.

3. f(z) = sin?(x) as the 3 is accounted for in the start of the interval.
Hence the first way to express the Riemann sum is:

3+7
/ sin?(z)dx
3

And using the property above, the second way to express the Riemann sum is:

/ sin®(z + 3)dx
0

There are more ways to express the Riemann sum, but these two would be the simplest derivations.

(¥) 7. Write the following Riemann sum as a definite integral.

.5 54
li Zsi log 2+ =
n;ff;ozn““< o +n>>

i=1

Solution: As the question is already prewritten in the recognizable form

lim. ;f (z:)Ax

where Az = 2 and f(z;) = sin ( log (2 + %))

From this, we can see that the integral has a length of 5 as the because the term for Az is the
interval split up into nth partitions.

The term for the ith partition is 2 + % which is a the same as the increment Az with a multiple of
1 and begins at 2 where 7 = 0.

The function of the ith partition can be seen as f(x) = sin (\/log(x))
Altogether:

=5 5i T
nl:n;@Zﬂsm( log (2+n)> = /28111( log(m))dw

i=1
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(xx) 8. Evaluate the integral.
62:1:
—d
/ 14 ez ™

Solution: For the integral

621‘
—d
/1 + edw v

We make the substitution u = €?*, and du = 2e**dz. The integral then becomes

e 1 1
/1+e4mw 2/1—|—u2u

1
= 3 arctanu + C
1
= 5 arctan(e?*) 4 C
The final answer is then

e2w 1 9
/mdl' =3 arctan(e””) + C

(*x) 9. Evaluate the integral.

e’ —1
dx
/em—i—l *

Solution:

/e der = —/ edm
et +1 e+ 1
1+e” 2e*
= - — d
/ez—kl et +1 v
2.’1,’
—/1— © dzx
et +1

= —x+2/ ¢ dx
et +1

= —z+2log(e®+1)+C
= 2log(e”"+1)—z+C

Thus

et —1
=21 1) —
/6x+1dx ogle* +1)—ax+C
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(%) 10. Write the following Riemann sum as a definite integral.

“ 1 2 i
I by L
nlﬁngoz_:n< +n+n2)

Solution: First, we notice that the form is already simplified by having % factored out, but can be
simplified further by factoring what remains like so:

1m — —_ —_— = 1m — —

Then, we convert it into a definite integral by noticing two things:
First, the extracted 1/n term indicates an interval of 1 as that is the value of the increment Aw.

Secondly, what remains is f(z;) = (1 + %)2, so the function f(z) = 22 beginning at 2 = 1. Finally,
the Riemann sum can be written as a definite integral of this form:

"1 2 2 2
li —(1+=4+ =) = 2d
n;ﬂ;(}%ﬂ( +n+n2> /1 xodx

4
(#*) 11. Suppose you approximate the function f(x)= % + 2% + 52 — 7 on the interval [—1,3] with a right

endpoint Riemann sum. Will this approximation be an overestimate or an underestimate?

Solution: For a right Riemann sum, a positive slope will indicate an overestimation while a nega-
tive slope will indicate an underestimation.
Taking the first two derivative:

!
flx) = Z+x2+5x—7
fl(x) = 2*>+2x+5
() = 32%+2

From the second derivative, we can see that the slope will always be increasing as f”(z) = 322 + 2
will always be a positive term.

Next, we can see that the most negative value possible is from x = —1, which would put f/(z) =
(—1)3 +2(—1) 4+ 5 = 2 which is still positive, hence the slope is always positive on the interval from
1, 3].

Altogether with the initial fact and the proof that the slope is positive on the interval, this approx-
imation will be an overestimation.

(*) 12. Compute the derivative of f(x).
$2+5m
f(z) :/ sin tdt
3
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Solution:

f'(x) = (2*+ 5x) sin(z? + 5x)
= (2 +5)sin(2® + 5x)

(x) 13. If 2(t) = €' cost and y(t) = e’ sint, compute the value of the integral.
REEEE

Solution: First we compute the derivatives z’ and y':

2'(t) = e'(cost — sint)
y'(t) = e’ (sint + cost)

Now plugging these results into the integral:

/ \/ ) / \/ef (cost —sint))” + (et (sin + cost))*dt

/ \/th(cos2 t —2costsint 4 sin?t 4 sin?t + 2 costsint + cos? t)dt

3
/ V2e2tdt
2

= /3et\@dt
ey
= \/562(6— 1)

(+x) 14. Prove that

/2 2

. T

/ rsinzdr < —
0 8

Solution: First we notice that we need to find something larger and simpler than the integral but

is still smaller than %2.
In this case, the case which stands out most is 0 < xsinz < x on the interval of [0, 5]. Thus,

evaluating the new simpler integral below:

z 27%
/ zdr = {x}
0 0
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Since the larger integral is equal to %2, the original integral must be smaller as:

/2 5 ’/T2
/ zsinxdxr < / zdr = —
0 0 8

(xx) 15. Compute the derivative of f(x).

f(z) = /1 ’ V13 — sintdt

og(7x2—2x+5)

Solution: First we split up the integral to rewrite f as follows:

9
/ V3 — sintdt
1

og(7x2—2x+5)

log(722 —2x+5)
= - / V3 —sintdt
9

f(x)

Differentiating:

o v/(log(7a? — 2z + 5))3 — sin(log(72? — 2 + 5))
Fo= 14z — 2

(%) 16. Compute the derivative of f(x).

sin(5z—9) 1
flx) = / arctan (t) dt

Solution: First we split the integral up and rewrite f as follows:

sin(5x—9) 1
/ arctan () dt
o t
sin(5x—9) 1 e’ 1
/ arctan () dt — / arctan () dt
0 3 0 3

1/ (z) = 5cos(bz — 9) arctan(csc(bz — 9)) — e” arctan(e ™)

f(z)

Then differentiating:

(x %) 17. Evaluate the integral

b
/ e“dx

using a Riemann sum. You may use L’Hopital’s rule to evaluate any limits.
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Hint 1. The following formula may be useful.

2 zfl

Solution: First, write the integral as an infinite Riemann sum using two facts:

b—a
n

Ar =

(b—a)i

N
f(l'z) — eaJrT = e (ebT)

Then, put it together using the standard format:

n—1
Jim 3 @A
1=

n—1 .
: b—a\ ,( b=a\?
tm 3 () e ()

And since the Ax has no i, it can be extracted out of the summation.

n—1
. b—a\ , (=i
Iim | —— ] e g e n
n— 00 n

=0

Then the hint can be used to simplify the Riemann sum into a single limit.

= e(b-a) nlgg)( >Ze“’n““
- o im (1) tl))

a —a : 1
= e*(b—a)(e¥*—1) lim ——

= (b= a) (e —1) lim "

—a
Y i |

Thus the limit is a 0/0 case, it is an indeterminate form hence use L’Hopitale’s Rule with respect to n.

= eb—a)(e’*—1) lim 1/
O D e e 0

1
= e’ —1) lim ——
n—oo e n
e?(el — 1)

_ €b7€a
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(xx%) 18. (a) Let A, be the area of a polygon with n equal sides inscribed in a circle of radius . Show that

1 2
A, = =nr?sin (W)
2 n

lim A,

n—oo

(b) Evaluate the limit

Solution:

(a) First, the formula would only be true for polygons inscribed with n > 2 for there to be any area.
There are several points to notice about inscribed polygons in a circle:

For each side (n) splits the angle occupied by each side by exactly that amount of 27“
e Every side of a polygon can be cut into a separate triangle

e The height of the each separate triangle formed can be found using r sin (%’T)
*sin (22)

Compiling all points, the formula for the area would be A, = %m‘

e The area of each separate triangle is %r

i (22)

(b) Just from the images below, it can be seen that the polygon more closely resembles a circle for

every increment of n until it becomes a circle itself, so lim,_,o0 Ay = 772

OOC
elele

(%) 19. Evaluate the integral

/ et sin(2t) dt
0

Solution: First we will find the antiderivative. Let u = cost, and du = — sin tdt.
/ e“Stsin(2t)dt = / €2 sint cos tdt
= -2 / e“udu
= 2u-1e"+C

= 2(1—cost)e®" +C
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Now evaluating at the bounds of integration, we have

T 4
/ et sin(2t)dt = 2(1 — cos 7)e>™ — 0 =
0

€

(¥%) 20. Evaluate the integral

/cos (V) dx

Solution: First make the substitution u = \/z, and 2udu = dax:

/ cos (V) dz = /cos(u)Qudu

Now integrating by parts, we have

/cos(u)Zudu =2 <u sinu — /sin udu)

Thus the final answer in terms of wu is
2usinu + 2cosu + C

Then putting back in terms of z,

/cos (Vz) dz = 2y/z sin (Vz) + 2cos (Vz) + C

(%) 21. Evaluate the integral.

IRk

1 M 1+ sin(z/2) -
/1—sin(x/2)d B /1sin2(:r/2)d
_ /1+sin(z/2)dx

cos?(z/2)

The final answer is then

Solution: We will need to multiply by the conjugate to solve this problem:

. /sec2 (g) + tan (g) sec (g) dz
2 (tan (g) + sec (g)) +C

[ T2 (an(5) +5ee(3)) +€
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(% %) 22. Evaluate the integral.
/ cos 2x
2o g
sin®(2z) + 8

Solution: For the integral
/ cos 2x

o 1

sin“(2z) + 8
We make the substitution u = sin 2z, so the differential is du = 2 cos 2z dzx.

cos 2z 1 1
———dr = - | ——du
/sin22x+8 2/u2+8

1 1
= ——du

16 L \2
(2;5) 41

Now with this integral, make the substitution w = ﬁ, and du = 2v/2dw, to easily evaluate the

integral:

1 1
L S ﬁ/ldw
8 1+ w?

2
= 3 arctanw + C

2 in 2
= £ arctan <smx> +C
8 2V2

(* % %) 23. Evaluate the integral
/ x arctan zdx

Solution: First we need to compute

arctan zdx

The way to do this is to integrate by parts, letting v’ = 1, and v = arctanz. Then we have
x
arctan xdx = x arctanx — | ———dx
2+ 1
This then evaluates to

1
/arctan xdx = zarctanx — 3 log(1 4 2?)

/

Now we return to the original integral. We will have to integrate by parts. Let x = u, and
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arctanx = v. Then we have

x? 1 x?
zarctanxzdr = —arctanr — - | ——=dz

2 2 14 22
x? ; 1/x2+1 1 d

= —arctanxr — — -
g MTTS [Ty 11 2™
2 ¢ x+arctanx+c

= —arctanz — — + ——
2 2 2

Thus we have

x? x arctan
zr arctan xdx = 53 arctanx — 5 + — +C

(xx) 24. Evaluate the integral.

/(sin x)(sin 3z)dx

Solution: We will have to integrate this by parts twice:
/(sin x)(sin3z)dr = —cosxsin3xz+3 / cos x cos 3zdx

= —coszsin3zr + 3 <sin xrcos3r + 3 / sin x sin 3xdm)

—cosxsin3dx + 3sinx cos3x + 9/sinxsin 3xdx

Rearranging:

78/sinxsin3xdz = —cosxsin3x + 3sinx cos 3z

1 3
/sinxsin?m;dx = gcosxsin3x — gsinxcos?)x—FC

(%) 25. Evaluate the integral.

/\/1 — cosxdx

Solution: Use the double angle identity

1 —cos2x = 2sin?z = 1 — cosz = 2sin® (g)
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/,/2sin2 (g)daz
ﬁ/sm (g) dz

= —2v2cos (g) +C

/\/1 — cos xdx

/\/1 — coszdr = —2v/2 cos (g) +C

(x) 26. Find the volume of the solid generated by revolving the plane area bounded by z —y —7 =0, z = 9 — ¢
about the y-axis.

Solution:
1
_ 2 2
Vo = / TLouter — ﬂ-xinnerdy

= 7T/1(9112)2(y+7)2dy

333w
)

(x) 27. Find the volume of the solid generated by revolving the plane area bounded by y = 2% and y = 4z — 2
around the line y = 6.

Solution: Since we are revolving about the line y = 6, we will have to increase the radius of the
disk in question.

2
Vo = / 7T(6 - youter)2 - 77(6 - yinner)le‘
0
2
= 7T/ 12(yinner - yOUtEF) + yzuter - y?nnerdx
0

2
= 71'/ 12(42 — 222) + 2* — (4o — 2%)?dx
0

ir
3

Please see the figure for an illustration of the region being rotated.

(x * ) 28. Compute the area enclosed by the curve y? = 22 — .

Hint 2. This curve is symmetric with respect to the x axis and the y axis. How can you use symmetry
to help you calculate the area?
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Solution: See the figure which shows the area we need to compute.

First we make some observations as to how one would sketch the graph.

e First note that this graph is symmetric with respect to both the = axis and y axis, because
replacing x by —z or y by —y leaves the relation unchanged. This means we can find the area
enclosed in one quadrant, then multiply by 4.

e There are zeros at * = 0 and z = 1, which means we can draw an arc between those two
points, then reflect it about the x and y axes for the total graph.

e The graph cannot extend beyond x = 1 because otherwise the expression inside square root
that is obtained when solving for y would become negative. Solving for y,

y=xV1-—2x?
which holds for the portion in the first quadrant.

Integrating this expression from 0 to 1, then multiplying by 4 yields

! -1 n3/2|t 4
4/ /1 —22dr =4 5 (1—3:) ’ ==
0

o 3

(x % %) 29. A solid has a base in the form of an ellipse with major diameter 10 and minor diameter 8. Find the
volume if every section perpendicular to the major axis is an isosceles triangle with altitude 6.

Solution: We will have to determine the area of the cross sectional triangle A(x) as a function of
the coordinate x along the ellipse. The width of the rectangle at position = will be 2y, and the
height will be 6, so the area is then A(x) = (2y)(6)/2 because it is an isoceles triangle. Thus we
have

Vo= /5 Az)da

-5

5
/ 6ydx
-5
5o /4
/ 6<\/25—1‘2) dx

s \5

5
= %/ V25 — x22dx
5/

- ()

= 607

(% % %) 30. The base of a solid is the circle 22 + y? = 16z, and every plane section perpendicular to the r-axis is a
rectangle whose height is twice the distance of the plane of the section from the origin. Find the volume
of this solid.
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Solution: We will have to determine the area of the cross sectional rectangle A(z) as a function of
the coordinate z along the circle. The circle 22 + y? = 162 can be rewritten (z — 8)2 + 3% = 64,
by completing the square. Thus it is a circle of radius 8 centred at (z,y) = (8,0). The base of
the rectangle will have length 2y, and the height of the rectangle will be 2z, so the area is then
Alz) = (20)(2y) = 4ay.

vV o= /0 16A(:z:)d:c

16
= / 4xydx
0

16
= / 424/ 162 — 22dx

0

16
= / 4/ 162 — 22dx
0
16
= / 4x+/64 — (8 — x)2dx
0
To evaluate the antiderivative, make the substitution 8 — x = u, and —du = dx to obtain

/164x\/64—(8—x)2dm 4/8 (8 — u)y/64 — udu

0 -8

8 8
= 4 [8/ V64 — u?du — / uy/ 64 — u2du}
-8 -8

& 1 8
= 4|82 4 - (64— 23/2‘
{ 2 +3( w) -8

= 1024~




